We develop a theory to analyze the decoherence effect in a charged qubit array system with photon echo signals in the multiwave mixing configuration. We present how the decoherence suppression effect by the bang-bang control with the π pulses can be demonstrated in laboratory by using a bulk ensemble of exciton qubits and optical pulses whose pulse area is even smaller than π. Analysis is made on the time-integated multiwave mixing signals diffracted into certain phase matching directions from a bulk ensemble. Depending on the pulse interval conditions, the cross over from the decoherence acceleration regime to the decoherence suppression regime, which is a peculiar feature of the coherent interaction between a qubit and the reservoir bosons, may be observed in the time-integated multiwave mixing signals in the realistic case including inhomogeneous broadening effect. Our analysis will successfully be applied to precise estimation of the reservoir parameters from experimental data of the direction resolved signal intensities obtained in the multiwave mixing technique.
I. INTRODUCTION
The analysis of decoherence of elementary excitations in solid state is one of the main approaches to understand physics in condensed matter. It also attracts much attention in device physics attempting to implement quantum information processing devices. A central issue is how to realize and control coherent evolution of well coded quantum states. Effective means should be chosen depending on the way of coupling to the system and decoherence mechanism. Among various proposals semiconductor devices have potential advantages, including the ease of integration and the use of matured industrial technologies.
In particular, excitons in semiconductor make clear distinction from other two level systems for qubits in the sense that it can efficiently couple to photons, which are the signal carriers to build a communication network. In addition, its large dipole moment makes possible direct optical control of qubits in a time scale of femto second. Various results of optical coherent manipulation of exciton in semiconductor have been reported, such as indirect [1, 2] and direct [3] observations of excitonic Rabi oscillations in higher dimensional semiconductor structures, manipulations of a one-qubit rotation of a single quantum dot exciton [4, 5, 6, 7, 8] , direct observations of excitonic Rabi oscillations in quantum dot ensemble [9] , and entanglement manipulation in quantum dots [10, 11] . They open great opportunities for quantum information processing based on exciton qubits.
On the other hand, exciton qubits always suffer from unwanted coupling with the external degrees of freedom of charged excitations including the phonon scattering and the scattering by excitons themselves, leading to the decoherence. In particular, the fast decoherence time of excitons which is typically a few tens of pico second will be the first obstacle to be overcome.
The well known methods to fight the decoherence are quantum error correcting codes [12, 13, 14, 15, 16, 17] and encoding with decoherence free subspace [18, 19, 20, 21, 22, 23, 24] . Both methods rely on encoding with multipartite entangled states for correcting errors by redundant qubits, or for making the state evolution immune to decoherence by exploiting symmetries of the system-environment interaction. It is yet very challenging to prepare the multipartite entangled states in the desired form in solid state device.
The other, and only plausible method with present technologies might be the dynamical decoupling control by driving the system continuously with external pulsed field sequences, the so called bang-bang (BB) control [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] , or with projecting onto a certain measurement basis [38, 39, 40] , the so called quantum Zeno effect (for recent review, see [41, 42] ). This does not basically require complicated qubit encoding, but effective at a single qubit level. The former is easier from the technical viewpoint, and therefore to be demonstrated as the first step for solid state qubits. The BB control relies on a time reversal of the decoherece process in a short time scale within the reservoir correlation time. Similar ideas have been known such as spin echoes [43] , photon echoes [44] , wave packet echoes [45] , and charge echoes [46, 47] . These techniques have been powerful tools to investigate transient phenomena. The BB control can be regarded as a variant of them, focusing on an active decoherence control of qubit. This has been demonstrated recently with a solid-state nulear qubit [48] .
Our concern here is the BB control with optical pulses for exciton qubits in semiconductor. In order to put this method to the experimental test, we will face mainly two problems. One is the difficulty of detecting the expected stabilization effect by weak signals from a single exciton qubit. The other is that the presently available laser power is not strong enough yet for preparing the π pulse area. One possible solution is to use a bulk ensemble of excitons. Strong signals from the ensemble make the detection easy. Furthermore they make it possible to observe the decoherence suppression effect due to the ideal π pulses even if the irradiated pulses have the area of smaller than π. This is because some fraction of qubits can effectively feel the ideal π pulses, and they form a macroscopic polarization lattice which radiates photon echo signals in a certain phase matching direction. The bulk ensemble is, however, always associated with irrelevant phenomena to the present issue, such as inhomogeneous broadening of the energy levels and complicated light diffraction due to polarization lattices of excitons.
It is then necessary to extend the theories for a single qubit to a qubit array system to analyze the effect of our interest with rather complicated signals. The purpose of this paper is to develop a theory to analyze the decoherence with the photon echo signals in the multiwave mixing configuration, and to predict the effects of decoherence control in a practical experimental setting.
The paper is organized as follows. In section II we present the model and introduce basic notations. In section III we first develop a formulation to evaluate the multiwave mixing signals in the ideal π pulse case. We then present the results in the case of homogeneous broadening, and introduce basic notions to analyze the state evolution of the qubit-reservoir system using the multiwave mixing signals. In section IV we develop a formulation for the weak pulse case, and present numerical simulations on the time-resolved and time-integated multiwave mixing signals. They include not only the suppression but also the acceleration of decoherence induced by the optical BB control. Section V is for concluding remark.
II. MODEL
In this paper we consider an ensemble of qubits and identical reservoirs. The model Hamiltonian is given bŷ
The state evolution between the pulses are described by the qubit-reservoir interactioñ
where
and
To evaluate the state evolution byŨ
QR , we may use the formulã
where the state |Ψ Rj represents any pure state component of the jth reservoir and
with the displacement operatorsD
For the state |Ψ Rj , we will later substitute the Fock state basis |n 1 ...n l ... j which describes the occupation of the reservoir boson modes. The total evolution operator for the M pulse sequence is given bỹ
As forũ
i.e., t M+1 is understood as t, instead of the definition of Eq. (16) . The final state of the total system is represented byρ
where we assume the initial state likeρ
with the thermal stateρ
By using the formula Eqs. (17) and (18), the final state can be represented as
and n(j) ≡ (n 0 (j), ..., n l (j), ...) denoting the boson number occupation. To describe the state of Eq. (30), we introduce the two operatorsF
for M =even, and
for M =odd.
III. STATE EVOLUTION UNDER π PULSES

A. Formulation
In this section we consider the pulse sequence consisting of the 0th exciting pulse with the area θ 0 = π/2 at time t 0 , and the subsequent M π-pulses, i.e., θ m = π (m = 1, ..., M ). By using Eqs. (10), (11) , (17) , and (18), we obtain
The decoherence property of the qubit system is measured by observing the intensity of the radiation from the macroscopic polarization. The polarization operators in the interaction picture are defined bỹ
The macroscopic polarization is then evaluated by
Let us introduce the decoherence exponent by
The decoherence exponent, which is now independent of j, is expressed as [18, 26] 
By substituting the definition of Φ (M) j (Eq. (35)) and φ
∆ m ≡ t m+1 − t m , and ∆ M ≡ t − t M . Eq. (42) shows that the radiation signal is observed in the phase matching direction
B. Homogeneous case
We first consider the homogeneous case of ν = ν i for all i. This case was already studied by Aihara as the photon echo in the four wave mixing (two pulse) scheme [49, 50] . He pointed out that the interaction between the qubit and the reservoir bosons induces the slow frequency modulation on the qubit in the short time region where the reservoir keeps the phase memory, and plays the similar role to the inhomogeneous broadening. In fact he predicted that the photon echo must be observed even in the homogeneous case. The BB control proposed by Ban [25] , and Viola and Lloyd [26] can be regarded as a natural extension of this principle to the multi-pulse scheme. It is well studied how to design a pulse sequence for effective suppression of decoherence [25, 26, 37] . The decoherence can be made worse by applying a pulse sequence, if the pulse intervals are not taken short enough. (43)), while the one dotted lines represent the ones of the free induction decay signals in the direction k 0 . We have assumed the ohmic reservoir model characterized by the spectral density
where Ω c is the cutoff frequency and α is the dimensionless coupling constant. As seen, for a pulse interval of ∆ = 0.2 ps, the decoherece is not suppressed but accelerated. In Fig. 3 , we have shown the same kind of results in the case of the Gaussian-ohmic reservoir model, which has not only the ohmic character with a wider spectrum but also the Gaussian character with a sharper spectrum around a characteristic frequency Ω p , such as a specific phonon mode. The decay profile exhibits the oscillation characterized by the frequency Ω p . For shorter pulse intervals, the decoherence is accelerated by adding π pulses.
Although this decoherence acceleration phenomenon is essential to understand the decoherence, its interpretation given so far is unsatisfactory. Here we revisit this point by considering a simplified model
i.e., a signal qubit interacts with a single mode field of the reservoir boson oscillator with the angular frequency Ω p . Under this Hamiltonian, the qubit couples with the reservoir as
where |n R is the n boson state component, and
with
The free induction decay is characterized by the decoherence exponent
Thus Γ + (t) oscillates in time and the qubit is recohered, i.e., disentangled from the reservoir, at t − t 0 = (2π/Ω p )×(integer). On the other hand, when a π pulse is applied at a time t 1 , the decoherence exponent is given by
For small enough ∆ 0 (≡ t 1 − t 0 ), This should be compared with Γ + (t). We can see that the dephasing exponent Γ − (t) is the one shifted in time by 2∆ 0 from Γ + (t). Namely, by applying the π pulse soon after the state | ↑ + | ↓ is prepared, the decoherence starts to take place at the time 2∆ 0 later compared to the free induction decay without any π pulse. For larger ∆ 0 , however, this is not true. As an extreme case, we take
In this case, the π pulse plays a role to accelerate the decoherence. The reason is clear from the structure of f − (t).
When the π pulse is applied after t 1 −t 0 > π/(2Ω p ), the two successive displacement operations in the state component
act as in-phase in the sense that the displacements by the amount of α(t − t 1 ) and −α(t 1 − t 0 ) do not cancel out but are added in the same sign, leading to large degree of entanglement between the qubit and the reservoir. On the other hand, when no π pulse is applied, the state evolves as
where the two displacement operations act as out-of-phase, i.e., α(t − t 1 ) and α(t 1 − t 0 ) nearly cancel out for t 1 − t 0 > π/(2Ω p ), leading to the recoherence of the qubit superposition state. In a realistic thermal reservoir with many modes, the above feature is more or less smeared out, but can still be identified at low temperatures. Roughly speaking, we had better to take the π pulse interval as
where Ω th is the largest characteristic frequency of the thermalized reservoir boson spectrum I(Ω)coth(h Ω 2kBT ). At low temperatures, Ω th is roughly Ω c in the ohmic reservoir model (Fig. 2) , or Ω p in the Gaussian-ohmic reservoir model (Fig. 3) .
C. Inhomogeneous case
In this subsection we take into account the inhomogeneous broadening effect in a bulk ensemble of qubits. Now we assume that the inhomogeneous broadening of ν j obeys the Gaussian distribution around the angular frequency ω of the external field which leads us to
The time-resolved multiwave mixing signal intensity is finally obtained as
The decoherence property is evaluated by measuring the echo signal. In order to see the echo signal, we consider a pulse sequence consisting of odd number of M π pulses such as ∆ 0 = ∆ 1 = ... = ∆ M−2 ≡ ∆, and the last interval ∆ M−1 (= t M − t M−1 ) being varied. The echo signal is then expected around t = t M + ∆ M−1 as seen from Eq. (62).
Figs. 4 and 5 shows how the results of Figs. 2 and 3 are modified, respectively, when the inhomogeneous broadening effect is taken into account. We assume δ B =5meV. We see essentially the same behaviors as in Figs. 2 and 3 except that the echo signals are more sharpened by the fast dephasing due to the inhomogeneity. The one dotted lines correspond to the case of the single π pulse (M = 1), i.e., an ordinary four wave mixing scheme for photon echo experiment.
IV. STATE EVOLUTION UNDER WEAK PULSES
A. Formulation
In an actual optical experiment, it is often the case that the maximum laser power falls short of the ideal π pulse and then the decoherence suppression does not work perfectly. In the qubit array system, only some fraction of qubits can be suppressed. In fact, the intensity of the multiwave mixing signal observed in the direction (−1) M K (M) will be reduced by a factor sin
In other words at least this fraction of the qubits can feel the ideal π pulses, and their decoherence will be suppressed. From this point of view, we consider how one can demonstrate experimentally the principle of the BB control.
In the case of weak pulses, the analysis is no more straightforward. We have the complicated diffraction patterns in various directions. For simplicity, let us consider the three-pulse case consisting the 0th exciting pulse, the 1st and 2nd controlling pulses. TheF
andĜ
The polarization is then given by 
In the above equation, we have introduced the following quantities:
Here we are interested in the two signals observed in the directions of 2k 2 − k 0 and 2k 2 − 2k 1 + k 0 . The former corresponds to the photon echo signal in the four wave mixing scheme which is not affected by the first pulse (k 1 , θ 1 ) at t 1 . On the other hand, the latter corresponds to the photon echo signal in the six wave mixing scheme, and contains the effect caused by the (k 1 , θ 1 ) pulses, respectively. The signal intensities are given by
where the inhomogeneous broadening distribution of Eq. (60) has been assumed. In the following we assume that θ 0 = θ 1 = θ 2 = π/2. This pulse area is recently achievable in the laboratory for common semiconductor quantum well and dot systems, such as GaSe and GaAs. Note that the signal intensities observed at 2k 2 − k 0 and 2k 2 − 2k 1 + k 0 result from the qubits that effectively evolve under the (k 0 , π/2 ; k 1 , π) and (k 0 , π/2 ; k 1 , π ; k 2 , π) pulse sequence. The two signal intensities have the same weight factors. So we can directly compare the signal intensities observed at the two directions I 2k2−k0 (t) and I 2k2−2k1+k0 (t) with each other. The difference between them is due to the effect by the first π pulse, which is what should be confirmed experimentally. One suitable way to see this difference is to sweep t 1 by fixing t 2 such that the signal intensity I 2k2−k0 (t) remains constant while I 2k2−2k1+k0 (t) varies. 
B. Homogeneous case
Let us start with the case of homogeneous qubits (δ B = 0). Fig. 6 shows the signals I 2k2−2k1+k0 (t) (the solid line) and I 2k2−k0 (t) (the dashed line) for various values of t 1 setting t 2 = 0.2 ps. We have set t 0 = 0 hereafter. As a reference, the free induction decay signal I k0 (t) is also shown by the one dotted line. The reservoir model is assumed to be the ohmic model with α = 0.1, Ω c = 4 meV,and T = 100 K. The second pulse is added at t 2 = 0.2 ps. The time of the first pulse t 1 = 0.02, 0.04, ..., and 0.18 ps is indicated by the vertical dashed line. The effect of decoherence suppression by the (k 1 , θ 1 ) pulse is seen for t 1 = 0.02, 0.04, ..., and 0.12 ps as the difference between the solid and dashed lines.
When the signal I 2k2−2k1+k0 (t) is greater than I 2k2−k0 (t) for almost all regions of t > t 2 , (the cases of t 1 = 0.1, 0.2, ..., and 0.6 ps in Fig. 6 ), one may use the time-integrated signal intensity, i.e., the total energy of the emitted radiation
to measure the effect of decoherence suppression. In fact, the measurement of the time-integrated signal intensity is much easier than that of the time resolved signal intensity I q (t). Fig. 7 shows the time-integrated signal intensity 2k2−k0 (t 1 ), i.e. the first pulse (k 1 , θ 1 ) fails in suppressing the decoherence and rather accelerates it. The origin of this phenomenon is the in-phase coupling between a qubit and the reservoir bosons caused by the first (intermediate) pulse (k 1 , θ 1 ), as explained in section III B. In order to suppress the decoherence effectively, the pulse interval should be ∆ < π/(2Ω th ), where Ω th is the characteristic frequency at which the thermalized boson factor defined by
is peaked. Note that the decoherence exponent in Eq. (39) can be expressed as
using η(Ω, T ) and the time dependent factor defined by
The condition ∆ < π/(2Ω th ) is not satisfied in the case of 10 K in Figs. 7e and f. In fact, for the higher cutoff ferequency Ω c and lower temperature, Ω th becomes higher as seen in Fig. 8 . It is commonly encountered in semiconductor exciton systems that the decoherence is accelerated when an additional pulse is irradiated. This is usually due to that an additional pulse increases the number of excitons, which in turn enhances the exciton-exciton interaction, and increases the number of decoherence channels. In the present model, however, the interaction between the qubits themselves is not taken into account. Therefore the decoherence acceleration effect purely comes from the coherent interaction between a qubit and the reservoir bosons. More remarkably in the case of 10 K in Figs. 7e and f, I int 2k2−2k1+k0 (t 1 ) exceeds I int 2k2−k0 (t 1 ) again, and forms a peak for larger t 1 . In this region, the out-of-phase coupling between a qubit and the reservoir bosons dominates, and the first pulse (k 1 , θ 1 ) succeeds in suppressing the decoherence. This kind of cross over from the decohernce acceleration to the suppression is a peculiar aspect of the present model, which is expected at low temperatures, and must be interesting in its own light to be investigated experimentally.
C. Inhomogeneous case
Now let us consider the inhomogeneous broadening effect in a bulk ensemble of qubits. Fig. 9 shows how the time-integrated signal intensities change when the inhomogeneous broadening effect is introduced into the ohmic reservoir model. From the upper viewgraphs the inhomogeneous broadening effect is taken as δ B =0, 2, and 5 meV. The reservoir parameters are α = 0.1 and Ω c = 8 meV. The time of the second pulse t 2 is 0.2 ps and 0.6 ps for the left and right viewgraphs, respectively. It should be noted that the inhomogeneously broadened signals I 2k2−2k1+k0 (t) and I 2k2−k0 (t) appear as the echos around the times t = t 2 + ∆ 1 − ∆ 0 = 2(t 2 − t 1 ) and t = t 2 + ∆ 1 + ∆ 0 = 2t 2 , respectively. While the temporal position of the echo signal I 2k2−k0 (t) does not depend on t 1 , the echo signal I 2k2−2k1+k0 (t) appears earlier as t 1 gets longer delay. In particular, when the time t 1 exceeds t 2 /2 such that ∆ 1 < ∆ 0 , the echo signal reduces exponentially. As seen, it is still possible to observe the decoherence suppression effect, i.e. that I int 2k2−2k1+k0 (t 1 ) becomes larger than I int 2k2−k0 (t 1 ) even in the presence of the inhomogeneous broadening effect. On the other hand, the decoherence acceleration effect seen in the right top viewgraph is rapidly smeared out as the amount of inhomogeneous broadening δ B increases.
The decoherence acceleration effect can be observed more clearly in the Gaussian-ohmic reservoir model, which has a sharper spectral density around a characteristic frequency Ω p than that in the ohmic reservoir model. Fig. 10 shows the thermalized boson factor η(Ω, T ). Fig. 11 shows the time integrated signal intensities for the Gaussian-ohmic reservoir model with the parameters Ω p =13 meV, γ p =4 meV, α p = 0.05, Ω c =8 meV, and α = 0.1. From the upper viewgraphs the inhomogeneous broadening effect is taken as δ B =0, 2, and 5meV. The time t 2 is 0.2 ps and 0.6 ps for the left and right viewgraphs, respectively. Among the six viewgraphs, we would like to pay attension to Figs. 11b, e, and f. In this case, I int 2k2−2k1+k0 (t 1 ) exhibits the decoherence acceleration effect first, the decoherence suppression effect then, as a function of t 1 . Such a cross over is a very characteristic evidence of the coherent qubit-reservoir interaction in the non-Markovian region. More importantly, this behavior can be seen even under the realistic amount of the inhomogeneous broadening effect such as δ B =5meV. This may appeal to experimental investigation on the coherent qubit-reservoir interaction. The time-integrated signal intensities as a function of the first pulse t1 with t2 fixed in the case of the Gaussian-ohmic reservoir model with the parameters Ωp =13 meV, γp =4 meV, αp = 0.05, Ωc =8 meV, and α = 0.1. The top figures correspond to the homogeneous case, while the middle and bottom ones to the inhomogeneous case with δB=2 meV and δB=5 meV, respectively.
V. CONCLUDING REMARK
We have developed a theory to analyze the decoherence in the qubit array system with the photon echo signals in the multiwave mixing configuration. We have presented how the decoherence suppression effect by the BB control with the π pulses can be demonstrated in laboratory by using a bulk ensemble of excitons and optical pulses whose pulse area is even smaller than π. The key is to analyze the time-integated multiwave mixing signals diffracted into certain phase matching directions from a bulk ensemble. We have given numerical examples in the six wave mixing configuration (three pulses), where the signals in two directions 2k 2 − k 0 and 2k 2 − 2k 1 + k 0 are compared with each other by sweeping the pulse intervals. Depending on the pulse interval conditions, both the decoherence suppression and acceleration effects take place as pointed out in earlier works. The cross over from one to the other is a clear evidence of the coherent qubit-reservoir interaction. We have shown that this cross over may be observed even under realistic inhomogeneous broadening. This encourages experimental investigations in qubit systems in solid state.
To understand this cross over, we have introduced the notions of in-phase and out-of-phase couplings between a qubit and the reservoir bosons. The decoherence process in the present model is mathematically described by the state evolution caused by the displacement operations on the reservoir boson modes, depending on the qubit states ofσ z components. The in-phase coupling means that the successive displacement operations between the optical pulses act additively, enhancing the entanglement between a qubit and the reservoir bosons. The out-of-phase coupling means that the successive displacement operations act as canceling out. Which type of coupling dominates is determined by the relation between the pulse interval and the reservoir boson spectrum. Therefore by analyzing such behaviors systematically one may identify the reservoir characteristics. In particular, when analysis is made in the weak pulse configuration where we can observe many diffraction signals from various multiwave mixing channels simultaneously, we may increase the precision of parameter estimation by fitting as many diffracted signals as possible with a single theoretical model. Thus our theory will be useful to investigate the reservoir characteristics, which is an important first step to proceed quantum information processing with semiconductor excitons.
